In the presence of conservation laws, superpositions of eigenstates of the corresponding conserved quantities cannot be generated by quantum dynamics. Thus, any such coherence represents a potentially valuable resource of asymmetry, which can be used, for example, to enhance the precision of quantum metrology or to enable state transitions in quantum thermodynamics. Here we ask if such superpositions, already present in a reference system, can be broadcast to other systems, thereby distributing asymmetry indefinitely at the expense of creating correlations. We prove a no-go theorem showing that this is forbidden by quantum mechanics in every finite-dimensional system. In doing so we also answer some open questions in the quantum information literature concerning the sharing of timing information of a clock and the possibility of catalysis in quantum thermodynamics. We also prove that even weaker forms of broadcasting, of whichÅberg's 'catalytic coherence' is a particular example, can only occur in the presence of infinite-dimensional reference systems. Our results set fundamental limits to the creation and manipulation of quantum coherence and shed light on the possibilities and limitations of quantum reference frames to act catalytically without being degraded.
In the presence of conservation laws, superpositions of eigenstates of the corresponding conserved quantities cannot be generated by quantum dynamics. Thus, any such coherence represents a potentially valuable resource of asymmetry, which can be used, for example, to enhance the precision of quantum metrology or to enable state transitions in quantum thermodynamics. Here we ask if such superpositions, already present in a reference system, can be broadcast to other systems, thereby distributing asymmetry indefinitely at the expense of creating correlations. We prove a no-go theorem showing that this is forbidden by quantum mechanics in every finite-dimensional system. In doing so we also answer some open questions in the quantum information literature concerning the sharing of timing information of a clock and the possibility of catalysis in quantum thermodynamics. We also prove that even weaker forms of broadcasting, of whichÅberg's 'catalytic coherence' is a particular example, can only occur in the presence of infinite-dimensional reference systems. Our results set fundamental limits to the creation and manipulation of quantum coherence and shed light on the possibilities and limitations of quantum reference frames to act catalytically without being degraded.
Introduction. Cloning and broadcasting, with their associated no-go theorems, are central results marking the difference between classical and quantum information. No cloning is the result that there is no machine that takes as input an unknown member of a family of distinct quantum states S = {ρ i S } n i=1 and outputs two independent copies of it: ρ i S → ρ i S ⊗ ρ i S for every i (unless n = 1 or the states are mutually orthogonal) [1] . Broadcasting is a generalization of this task, in which we require the machine to only 'locally clone' the state: ρ [2] .
The ability to create quantum states that are in a superposition of eigenstates of an observable is a major paradigm shift distinguishing classical and quantum theories. An archetypical example is the generation of states that are in a coherent superposition of different eigenstates of the Hamiltonian H S . These can be used as resources for metrology [3] and quantum thermodynamics [5] , and they determine quantum speed limits [4] . In this work we extend the notions of cloning and broadcasting to ask: can a superposition (or 'quantum coherence') be cloned or broadcast? More generally, can other forms of asymmetry with respect to a group representation be broadcast? Here we show that this is forbidden by the laws of quantum mechanics, thereby solving certain open problems in the quantum information and thermodynamics literature [6] [7] [8] [9] [10] . Connecting to recent results [11] , we also show that even weaker forms of broadcasting are allowed by quantum theory only in the * markusm23@univie.ac.at presence of infinite-dimensional reference systems. Our no-go theorems apply to the task of broadcasting a single known superposition when the dynamics is restricted by a conservation law; it hence complements the no-go theorem derived for the creation of superpositions of multiple unknown states through unrestricted dynamics [12] .
Quantum coherence and conservation laws. In the original no-go theorems, the constraint that makes cloning and broadcasting nontrivial is that we ask for a single machine to accomplish the task for every state within S. In the case of cloning/broadcasting a single superposition, which is the notion we want to formalize here, what makes the problem nontrivial is the presence of conservation laws. Hence, let us discuss conservation laws in more detail.
Suppose that we have a closed system whose unitary dynamics U is restricted by conservation laws [U, O i ] = 0, where the O i are conserved quantities. In this case, U cannot create coherent superpositions of eigenstates of the O i from single eigenstates, or from incoherent mixtures of such eigenstates. This state of affairs admits a more general description in terms of symmetries. We have a connected Lie group G, and, for any g ∈ G, a unitary U g such that g → U g defines a continuous (possibly projective) group representation. The conservation laws can be seen as arising from the symmetry of the unitary dynamics U , which must satisfy [U, U g ] = 0 for every g ∈ G.
(1
The states ρ S that are a coherent superposition of the corresponding charges (energy, angular momentum, etc.) are those that satisfy U g (ρ S ) := U g ρ S U † g = ρ S for at least one g ∈ G. Since these are not invariant under the action of the symmetry, they can be called G-asymmetric, otharXiv:1812.08214v1 [quant-ph] 19 Dec 2018 erwise they are called G-symmetric [13] . A G-symmetric state cannot be made asymmetric if the unitary dynamics is itself symmetric with respect to G, i.e.
if U satisfies Eq. (1). The impossibility of creating superpositions of different energy levels when the dynamics preserves energy is a particular instance of the the impossibility of creating asymmetric states from symmetric dynamics. To see this explicitly, note that in the case of the group of time translations generated by H S , the states that have nonzero off-diagonal terms in the energy eigenbasis are exactly those ρ S not invariant under time translations, U t (ρ S ) = ρ S for some t, where U t = e −iH S t (equivalently, [ρ S , H S ] = 0). Formally, this can be seen as a representation of the Abelian group G = R via time translations.
Extension to open quantum systems. The above characterization is easily extended to open quantum system dynamics [13, 14] . In fact, one can introduce an ancilla A with no quantum asymmetry and assume a conservation law holds on SA, i.e.,
g is the action of the symmetry group G on the ancilla, and
The channels defined in Eq. (3) are called G-covariant (or symmetric) and they can equivalently be characterised as those satisfying ( [15, Theorem 25] , [16] )
While this is formally analogous to Eq. (1), note that there is in general no conservation law on S of the form of Eq. (1); it is rather the global unitary U acting on both system and environment that satisfies a conservation law. Returning to the case where G = R is the group of time translations, if the dynamics is R-covariant (better known as phase covariant), then 1. the ancilla has Hamiltonian H A and is in a state ρ A with [ρ A , H A ] = 0 (i.e., incoherent in the energy basis) and 2. the global unitary U satisfies overall energy conservation, [U, H S +H A ] = 0. An example of R-covariant maps are thermal operations, defining the resource theory approach to thermodynamics [17] [18] [19] [20] :
where γ A = e −βH A /Tr e −βH A and β ≥ 0 is some fixed inverse background temperature.
Covariant open dynamics generalize symmetric unitaries and still cannot create coherence:
Furthermore, if in Eq. (3) we allowed asymmetric unitaries or asymmetric ancillas, then it would be simple to create an unlimited amount of coherence. For the example of time translations (say, with H S equal to the Pauli Z matrix for concreteness), a trivial example of the first kind is to perform a Hadamard unitary on S (which does not conserve energy); and a trivial example of the second kind is to introduce an ancilla with Hamiltonian H S and in a state (|0 + |1 )/ √ 2, and then to perform a swap on SA.
Coherence broadcasting. To possess a system R in a state displaying quantum coherence -or more generally breaking a symmetry -is a resource that allows us to lift the constraints imposed by conservation laws (sometimes R is called a reference frame and the constraint a superselection rule) [13, 14] . Various studies noted that the use of quantum coherence as a resource, for example to generate coherence in other subsystems, seems to always come with a degradation of the coherence source [13, [21] [22] [23] . This intuitive picture has partially been put into question by a recent result ofÅberg, who proved the existence of a protocol exhibiting a form of 'coherence catalysis' [11] , in which a 'coherent seed' can be used to generate coherence in arbitrarily many subsystems that get correlated in the process. This protocol can be applied to the task of work extraction from coherence [11, 24] , and it led to further theoretical insights on the distribution of coherence and asymmetry [10] . However,Åberg's construction uses an infinite-dimensional reference system whose support spreads in energy at each use without bound, which also requires control of an arbitrarily large number of energy levels. This raises the question of whether the same functionality can be attained with a finite reference.
Here we clarify the situation by proving three general no-go theorems. Our results illuminate how coherence or asymmetry can or cannot be distributed in a catalytic fashion. Given the above discussion on conservation laws, we define the notions of cloning and broadcasting of asymmetry. We start with the thermodynamically relevant case of coherence, and will subsequently consider a weaker form of broadcasting. To state the definition, we use the notation ρ R ρ S to denote an arbitrary bipartite state σ RS (in general correlated or entangled) that has reduced states ρ R = Tr S σ RS and ρ S = Tr R σ RS .
Definition 1 (Coherence cloning and broadcasting). We say that the coherence of ρ R can be broadcast if there exists a state ρ S with [ρ S , H S ] = 0 and a time-translation covariant channel E with
We say that the coherence in ρ R is cloned if, in addition, the output is uncorrelated, i.e.
In all of this work, we restrict ourselves to the case that both R and S are finite-dimensional, unless specified otherwise.
Some comments are in order. First, note that we define coherence broadcasting in a very general way: we only require ρ S to have some coherence, rather than having in any sense 'the same' coherence as ρ R . Cloning of coherence can also be understood as a form of catalysis in the usual sense of resource theories, in which R is required to be unchanged and uncorrelated with S [26] . Second, note that coherence cloning implies coherence broadcasting, but the converse is not true: broadcasting allows correlations to be created between S and R. Third, coherence broadcasting is in a precise sense a generalization of the notion of broadcasting of the states {ρ R (t)} t∈R , as we show in the appendix. It is unrelated, however, to the notions used in Refs. [27, 28] .
Using a construction by Janzing et al. [6] , it is easy to see that coherence cloning is impossible (see also [25] ). For a quantum system with Hamiltonian H in state ρ, define the quantum Fisher information as I(ρ, H) := tr(ρ∆
Then I is non-increasing under covariant maps E, i.e. I(E(ρ), H) ≤ I(ρ, H), and it is additive on tensor products, i.e. I(ρ ⊗ρ,
Yet, impossibility of broadcasting cannot be proven as easily: there are correlated states ρ RS such that
e. the sum of the local coherences, as measured by the Fisher information, can be larger than the global coherence [29, 30] . In other words, correlations can decrease the total amount of coherence, which is what makes broadcasting seem less unlikely than cloning. While I can be used to rule out stronger versions of coherence distribution, the techniques of [6] are not sufficient to rule out coherence broadcasting in the sense of our definition.
Nevertheless, here we show that Theorem 1. Quantum coherence can neither be cloned nor broadcast.
This theorem will follow as a special case (for G = R) from Theorem 2 below. For completeness, we give a selfcontained proof in the appendix.
Application: no broadcasting of timing information beyond classical limit. One way to interpret the result is that there is no way of using a state ρ R that is sensitive to time translations (a 'clock') to distribute timing information into another system S, without affecting the state of the clock. This holds even if correlations are allowed to build up among system and clock (we will establish an even stronger no-go result in Theorem 3 below). This can be contrasted with the classical limit, represented by the limiting case in which ρ R is an unbounded reference [13] (one for which the {ρ R (g)} g∈G are mutually orthogonal). This is exemplified by a coherent state |α ∝ ∞ n=0 α n / √ n!|n , which in the limit |α| → ∞ becomes an arbitrarily good clock. Since the states {|α(t) } t∈R become arbitrarily close to mutually orthogonal, the timing information can be cloned arbitrarily well in the limit (see appendix). In other words, classical clocks (idealized infinite limits of quantum clocks) can distribute timing information without being degraded, but no finite-dimensional quantum clock can. We will see in Theorem 3 that even weaker forms of distribution of time information require infinite clocks. Is coherence broadcasting as defined above possible in infinitedimensional systems? We leave this question open, as the answer may depend on the details of the mathematical formulation of the problem (see additional comments in the Appendix).
Application: coherent limitations of correlating thermal machines. Our results also resolve an open problem from Ref. [9] . There, it was shown that for any given pair of block-diagonal states ρ A , ρ A , there exists another system R in state σ R such that
via a thermal operation, where ρ A ( ) is arbitrarily close to the desired target state ρ A , if and only if
Here F is the non-equilibrium quantum free energy,
, with k B Boltzmann's constant, S the von Neumann entropy, and T the ambient temperature. In that paper, it was conjectured that this statement remains true also in the presence of coherence, i.e. if ρ A is not block-diagonal (but ρ A possibly is). However, Theorem 1 disproves this conjecture: if ρ A is incoherent then so is ρ A . Differently from the classical setting, (quantum) correlations do not make the free energy the 'unique criterion for the second law'.
Application: no thermodynamic generation of coherence without disturbance. Recent results have established the fundamental work cost of quantum processes under the assumption that Gibbs-preserving maps (i.e. the set of all channels satisfying E G (e −βH S /Tr e −βH S ) = e −βH S /Tr e −βH S for some fixed β ≥ 0) can be performed at no work cost. However, the question was raised of what their coherent cost is [8] . Suppose that we achieve E G by an energy preserving unitary U as
using a battery B with some Hamiltonian H B such that H B |W = W |W , a coherence source R with Hamiltonian H R and state ρ R , while [U,
† is covariant, it follows from the no coherence broadcasting theorem that
regardless of whether, or how much, energy from the battery B is consumed in the process. A similar reasoning shows that, to simulate the action of E G on ρ S via thermal operations, we necessarily need to disturb the state of the coherence source ρ R .
Asymmetry broadcasting. The above results are not restricted to coherence in the basis of a single observable like H S . They generalize as follows:
Definition 2 (Asymmetry broadcasting). We say that R can broadcast G-asymmetry if there exists a system S in a G-symmetric state ρ S and a G-covariant operation E on RS such that
Theorem 2. G-asymmetry broadcasting is impossible for every connected Lie group G.
For example, rotationally symmetric dynamics cannot be used to broadcast coherence among angular momentum states from an initial superposition of such states. In the language of quantum reference frames [13] , the above result says that the asymmetry of a quantum reference frame ρ R cannot be broadcast. Of course, this also implies the simpler result that a quantum reference frame cannot be cloned.
A detailed proof is given in the appendix, but the main idea is as follows.
While this is not literally broadcasting (ρ S (g) is not in general a copy of ρ R (g)), this shows that E distributes some quantum information of R into S: the ρ R (g) are not all perfectly distinguishable, yet some information that potentially helps distinguish them is transferred to S. Intuitively, this seems impossible, and this intuition can be made rigorous by employing what is known as the Koashi-Imoto decomposition [34, 35] ; see the appendix.
Similarly, connectedness of the Lie group G is crucial.
G-asymmetry for discrete groups G can be broadcast in some cases. For example, consider the case G = S n , the permutation group on n elements, acting on R = S = C n via U π |i = |π(i) for π ∈ S n . Then the measure-and-prepare channel
i.e. it maps the G-invariant maximally mixed state on S to a G-asymmetric pure state on S while leaving the reduced state on R invariant. Intuitively, asymmetry with respect to the permutation group corresponds to classical information which can be cloned and broadcast.
Weak broadcasting. While cloning and broadcasting of quantum coherence are impossible, the argument above does not exclude weaker forms of this phenomenon. It is in this setting that we can understand the protocol proposed in Ref. [11] , which we call weak broadcasting (it was called 'repeatability' in Ref. [10, 32] and 'coherence catalysis' in Ref. [11] ). The key difference from coherence broadcasting is that the state of the reference ρ R is allowed to change. Weak broadcasting only requires that the output state in R can be reused in order to induce the same process, arbitrarily many times. More precisely: FIG. 1. A weak broadcasting protocol. A reference system R distributes asymmetry/coherence to a system Sn; the state of R gets correlated to Sn and is allowed to change, but it must be able to induce the same transition on a fresh copy of the system Sn+1 for all n.Åberg's protocol [11] is a special case of weak broadcasting of coherence with dim R = ∞.
Definition 3 (Weak broadcasting of coherence or asymmetry, Fig. 1 ). We say that R can weakly broadcast Gasymmetry (or coherence if G = R) if there exists a system S in a G-symmetric state ρ S and an arbitrary sequence of G-covariant operations (E (n) ) n∈N and of states
for every n ∈ N, where ρ S is G-asymmetric.
In contrast to (strong) broadcasting as introduced in Definition 2, weak broadcasting allows the state of the reference R to change, as long as it does not lose its ability to enable the transition ρ S → ρ S on further uncorrelated copies of the system S. This is arguably a physically relevant notion, formalizing the most general idea of "catalytic" and non-degrading use of a reference frame. Weak broadcasting of coherence is possible -this is one way to phrase the main result of Ref. [11] (in fact, the explicit protocol presented has n-dependence only in ρ R , but not in E). However, the specific scheme proposed exploits an infinite-dimensional source of coherence ρ R to perform weak broadcasting. A natural question arises: are infinite-dimensional systems truly necessary, or could the same phenomenon arise with finite-dimensional reference frames? In Ref. [10, arXiv v1] , it was conjectured that infinite-dimensional coherence sources are necessary. Here we prove that the conjecture holds: Theorem 3. If R is finite-dimensional, then weak broadcasting of coherence or G-asymmetry is impossible, for any connected Lie group G.
The proof is given in the appendix. Its main idea is the observation that, in finite dimensions, the set of covariant channels and the set of states are compact. Thus, if we have weak broadcasting, the sequences E (n) and ρ (n) R must have accumulation points, which can be used to construct another state and channel that can be used for broadcasting. That is, in finite dimensions, weak broadcasting implies (strong) broadcasting, which is impossible according to Theorem 2.
Application: work extraction from coherence. Converting coherence among distinct energies into work requires a coherence source R [5, 36] . Current proposals ensuring that R does not degrade (in the sense of our definition of weak broadcasting) take R to be a continuous system [7] , a doubly-infinite ladder [11] or a bounded from below but still infinite ladder [24] . The question is left open in [7] if a finite-dimensional R suffices. Theorem 3 answers it to the negative.
Conclusions. We have shown that broadcasting of coherence or asymmetry is impossible, while weak coherence broadcastingà laÅberg necessarily requires infinitedimensional reference systems -which is arguably a rather interesting property of a quantum information primitive. Also, we have focused on no-go results but, similarly to the standard no-cloning theorem, one could study in more detail the case in which R is allowed to degrade, which is expected to lead to trade-offs between degradation and creation of asymmetry that depend on the figure of merit of interest.
Our results also find application in the context of "exotic heat machines" [37] , specifically those whose aim is to generate energy coherence from thermal resources. By identifying R with the state of the machine, Theorem 2 implies that coherence cannot be created in initially incoherent systems while maintaining the machine (but not necessarily the thermal bath) in a fixed point. This also recovers and generalizes some results of Ref. [38] : in order to amplify coherence in physical systems with a stationary (possibly coherent) machine, these systems must themselves contain some initial coherence. It would be interesting to generalize our results by deriving fundamental bounds on the possibility of amplifying some initial amount of coherence or asymmetry, but such results will have to depend on the choice of coherence measure, in contrast to our fundamental impossibility results.
Proof of Theorem 1. Let [ρ S , H S ] = 0, and ρ RS := E(ρ R ⊗ ρ S ) with reduced states ρ S and ρ R = ρ R , and E a covariant map with respect to H S ⊗ 1 R + 1 S ⊗ H R . All systems are taken to be finite-dimensional. We prove the statement by showing that these assumptions imply [ρ S , H S ] = 0.
For X ∈ {S, R, RS} and t ∈ R, define U X t (•) := e −itH X • e itH X , and for any state σ X define σ X (t) := U X t (σ X ). We have U 
t). It follows that if we define
we have T (ρ R (t)) = ρ R (t) for all t ∈ R.
From the above, coherence broadcasting implies the existence of a quantum operation E and a state ρ S with ρ S (t) constant in t satisfying (using the notation introduced in the main text)
with ρ S (t) not constant in t.
Let us then focus on Eq. (7). LetR be the smallest subspace of R that supports all the ρ R (t), i.e.R := span t∈R supp ρ R (t). There is a finite subset T ⊂ R such that the stateρ R := 1 |T | t∈T ρ R (t) has suppρ R =R; moreover, T (ρ R ) =ρ R . Denoting the orthogonal projector ontoR by ΠR, it follows from [40, Prop. 6.10] that σ R ≤ ΠR implies T (σ R ) ≤ ΠR. That is, we can consider T as a channel on the states ofR by restricting its domain of definition to this subspace. Let us define R to be the orthogonal complement ofR in R, i.e. R =R ⊕ R . Furthermore, for any subspace X, let Π X denote the orthogonal projector onto X. Define a new channelẼ onRS ≡R ⊗ S ⊆ R ⊗ S viã
where dR S = dim(R ⊗ S). This is a completely positive trace-preserving map. To compute its action on ρ R (t) ⊗ ρ S , note that
In other words, we can replace R byR and E byẼ, and we still have Eq. (7). Moreover, the minimal subspace supporting all ρ R (t) isR, andT (σR) := Tr S [Ẽ(σR ⊗ ρ S )] defines a channel onR, since it is the restriction of T tõ R. Clearly,T (ρ R (t)) = ρ R (t) for all t ∈ R. This allows us to use the results of [35] ; we will drop the tildes onR,Ẽ andT from now on. Consider any (not necessarily covariant) Stinespring dilation of the channel E, i.e. an ancillary system E, a unitary U RAE and a state ρ E such that
Now we use the Koashi-Imoto decomposition [34] as presented in [35] . It says that there exists a decomposition of the form
where the (q j|t ) j are probability distributions over j, every ρ j|t is a state on J j , ω j is a state on K j (independent of t). For every t ∈ R and every j, define spec ρ R (t) := q j|t ρ j|t ⊗ ω j = Π Jj ⊗Kj ρ R (t)Π Jj ⊗Kj in non-increasing order. According to Weyl's Perturbation Theorem [41] , this expression is continuous in t. Since the spectrum of ρ R (t) is independent of t, the entries of spec ρ (j) R (t) are a subset of the discrete set of eigenvalues of ρ R = ρ R (0). Consequently, continuity forces spec ρ (j) R (t) to be constant in t. Hence, q j|t = tr ρ (j) R (t) is independent of t, and will henceforth be called q j . We obtain
where in the second line we used the relation (R j ≡ J j ⊗ K j )
where each Q Rj SE is an operator on R j SE. This expression is independent of t, hence ρ S (t) = ρ S (0) for all t, which implies that [ρ S , H S ] = 0.
Coherence broadcasting vs. broadcasting. If E is any quantum operation (not necessarily covariant) and Eq. (7) holds (for all t), then one can check that the definition of coherence broadcasting is satisfied for the covariant map E := lim T →∞ 1 T T 0 U −t • E • U t dt (diagonalization and direct integration shows that this limit exists, and that this map is covariant), i.e.Ẽ(ρ R ⊗ ρ S ) = ρ R ρ S . Conversely, as we proved above, Eq. (7) follows from the definition of coherence broadcasting. We conclude that Eq. (7) is equivalent to coherence broadcasting. Note in passing that, if we fixed S ≡ R and required ρ S (t) ≡ ρ R (t), then coherence broadcasting would be equivalent to (standard) broadcasting of the states {ρ R (t)} t∈R (a minor remark: if the energies in H R are rational and R is finite-dimensional, then t will range only within a finite interval). Due to the extra freedom, however, we cannot prove the no coherence broadcasting theorem from the standard no broadcasting theorem.
Cloning timing (and asymmetry) information in the classical limit. If we consider the coherent state |α R , then {|α(t) R } t∈R become all mutually orthogonal in the limit |α| → ∞. From the equivalence of coherence cloning with Eq. (7), and the fact that mutually orthogonal states can be cloned, it follows that as we approach the classical limit we can clone the timing information arbitrarily well, i.e. coherence can be cloned with arbitrary precision (see also [10] ). The same holds true for every sequence of ρ (n) R such that ρ (n) R (t) become arbitrarily close to a family of mutually orthogonal states as n → ∞. Our no-go theorem is then compatible with the classical intuition that timing information (as well as other asymmetry information, such as directional information) can be distributed without degrading the corresponding reference frame.
Proof of Theorem 2. The proof is analogous to the proof of Theorem 1 with the following modifications. First, replace every U X t and σ X (t) by U X g and σ X (g), with g ∈ G, and replace the equations [ρ A , H A ] = 0 and [ρ A , H A ] = 0 by the statements that ρ A resp. ρ A are G-invariant. Furthermore, q j|t will be replaced by q j|g , and ρ j|t by ρ j|g . Note that the assumption of connectedness of G becomes relevant in the argument which uses continuity of spec ρ (j) B (g) to conclude that these spectra are constant in g.
Further comments on Theorem 2. At first glance it may seem as if there was a mistake in the formulation of the theorem: the trivial group G = {1} is a connected Lie group; but isn't G-asymmetry broadcasting possible for this group G? The answer is: no, it is not. That is because all states are G-symmetric under the trivial group G, hence no operation can create any G-asymmetry, and G-asymmetry broadcasting is trivially impossible.
There is another question that suggests itself at first glance: should we really demand in the formulation of the theorem that G is a connected Lie group? Wouldn't it be sufficient to demand that G has a non-trivial connected component at the identity (call it G 0 )? For example, we could have G = O(3) and G 0 = SO(3). Since G 0 -asymmetry broadcasting is impossible, doesn't this imply that G-asymmetry broadcasting is impossible?
Unfortunately, this implication is not in all cases correct. To see this, consider the example G = U(1) × S n , where S n is the permutation group of n elements. In this case, G 0 = {(e iθ , 1)} is non-trivial, but consider the group representation U g = π for g = (e iθ , π), representing G on C n . Using two copies of this representation, the discrete group asymmetry broadcasting example from the main text shows that G-asymmetry broadcasting is possible. This is clearly a very special case, owing to the fact that G contains the permutation group as a normal subgroup. Nevertheless, it disproves the conjecture that we have just described. Since connected Lie groups are the physically most interesting groups, we do not pursue this analysis (of more general Lie groups) further at this point.
Proof of Theorem 3. Assume weak broadcasting as in the statement of the theorem. Since the set of density matrices on R is compact, there exists a convergent subsequence (ρ
For every m ∈ N, we now define a channel C m from states on RS to states on RS as follows. Consider many copies of the system S, labeled by S nm , S nm+1 , . . . , S nm+1−1 (these are n m+1 − n m many). We also introduce the special label S := S nm . Now we act with a suitable sequence of E-channels on RS i for i = n m , . . . n m+1 − 1; every use of the suitable E preserves the usability of the state on R and transforms the local state in S i into ρ S . Formally, we define C m as follows, for any state τ RS on RS:
where the subscript at the E denotes the tensor factors on which they act, and the ρ Si are copies of a fixed ρ S with [ρ S , H S ] = 0 at the corresponding tensor factors. For clarity, here is an example: if e.g. n 1 = 2 and n 2 = 5, then
In this example, by first performing the partial trace over S 2 , we obtain
Generalizing this example, we have
Moreover, every channel C m is G-covariant, since it is a composition of covariant channels and the ancillas used are symmetric. Taking again the previous example for the sake of clarity, we have for every g ∈ G
which, by identification of the spaces S i , can also be rewritten as
The same holds for every C m .
The set of G-covariant channels on the states of a finite-dimensional Hilbert space is topologically closed. To show this, let X := tr|X| be the trace norm, and M n a sequence of covariant channels converging to M. Without loss of generality, we consider the induced norm M := sup X =1 M(X) . Then, for every ρ and every g ∈ G,
where for the first inequality we used the triangle inequality, for the second inequality we used the covariance of M n and the definition of the induced norm, for the third inequality we used the unitary invariance of the trace norm, and for the limit we used the assumption that M n converges to M. This proves that U g (M(ρ)) = M(U g (ρ)), i.e. that the limit channel is covariant. Finally, since the full set of channels is compact (and thus bounded), so is the set of G-covariant channels.
Since the set of covariant channels is compact, the sequence (C m ) m∈N has a convergent subsequence (C m k ) k∈N . Define C := lim k→∞ C m k , then C is covariant and satisfies C(σ R ⊗ ρ S ) = σ R ρ S (since σ (k) R converges to σ R ). That is, we have strong broadcasting of G-asymmetry, which is impossible according to Theorem 2.
Comment on infinite-dimensional reference systems R. While weak broadcasting is impossible for finite-dimensional references according to Theorem 3,Åberg's result [11] shows that it can be accomplished with infinite-dimensional R. At first sight, there is a natural intuition for why the change of state of R seems crucial to achieve broadcasting, which is reminiscent of the idea of "Hilbert's hotel": similarly as we can always create a free room in Hilbert's hotel by shifting all existing guests towards infinity, we can think of extracting ever more coherence (or, more generally, G-asymmetry) from R by pushing its quantum state towards energetic infinity (increasing its support indefinitely). This operation, as the argumentation goes, would basically "steal" some of the G-asymmetry of R (of which there is, in some sense, an infinite amount) and move it to the system of interest. This seems impossible without changing the state of R. Therefore, this intuition would suggest that strong broadcasting of coherence or asymmetry (in the sense of Definition 2) will most likely be impossible.
However, at closer inspection, this intuitive argumentation does not fully hold up. First, while Hilbert's hotel starts out with a literally infinite supply of resources (i.e. empty rooms),Åberg's protocol begins in a well-defined quantum state with finite support that does not in any obvious way hold an infinite amount of coherence. Second, there are results in the literature which show that infinite-dimensional reference systems can act as "strong" catalysts along the lines we demand (though in a different context that does not involve asymmetry). Namely, in Ref. [31] , it is shown that infinite-dimensional R allow for "perfect embezzlement" of quantum entanglement. That is, consider two agents A and B that start with local states |0 A and |0 B that they want to transform into an entangled state. Furthermore, suppose that they share a reference system R and that A (B) can perform a set of operations that commutes with those of B (A) (this restricts them to "local operations" in a specific sense). Then, they can implement the transformation |0 A ⊗ |0 B ⊗ |ψ R → |ϕ + AB ⊗ |ψ R exactly, where |ϕ + AB is a maximally entangled state on AB, and |ψ R is an entangled state of the reference that acts as a catalyst. Applying our terminology to this setup, we could say that this is a case where the resource of entanglement is strongly broadcast (in fact, cloned). This example suggests that strong broadcasting of asymmetry, even though intuitively unlikely, may not be impossible for infinite-dimensional references in all cases.
This example also shows that the behavior of the infinite-dimensional case may depend strongly on its detailed mathematical formulation, reflecting alternative possibilities to model the physical control of the quantum systems. Namely, it is shown in Ref. [31] that this sort of perfect embezzling is only possible if the notion of locality on R is defined in terms of commuting operators (resembling the usual approach of quantum field theory), and not in terms of tensor products of Hilbert spaces. This warns us that the (im)possibility of broadcasting of G-asymmetry may well depend on the details of the mathematical formulation, like the types of operator algebras we allow for R and assumptions of how the group G is allowed to act on it.
Revised conjecture on correlating thermal machines. As mentioned in the main text, the following result is proven in Ref. [9] : if ρ A and ρ A are block-diagonal quantum states, then for every > 0 there exists a finite-dimensional catalyst σ R , a thermal operation T , and a state ρ A ( ) with ρ A ( ) − ρ A < such that
if and only if F (ρ A ) ≥ F (ρ A ). It has been conjectured in Ref. [9] that this result is also true for states that are not block-diagonal, i.e. in the presence of coherence. However, Theorem 1 disproves this conjecture, which can be seen as follows. Choose any pair of states ρ A , ρ A with F (ρ A ) ≥ F ( This argument rests crucially on the fact that every T is a thermal operation and thus covariant. However, there is another set of operations of thermodynamic relevance which enables the same set of transitions between pairs of block-diagonal states, but admits more transitions between states with coherence [33] : these are the Gibbs-preserving maps, i.e. the completely positive, trace-preserving maps T with T (γ X ) = γ X for the thermal state γ X . Not all Gibbs-preserving maps are covariant, hence the argument above does not apply to them. This suggests the following revised conjecture:
Conjecture 1 (Free energy for states with coherence). Consider a pair of quantum states ρ A , ρ A on a finitedimensional quantum system A. Then, for every > 0 there exists a finite-dimensional catalyst σ R , a Gibbs-preserving operation G, and a state ρ A ( ) with ρ A ( ) − ρ A < such that G(ρ A ⊗ σ R ) = ρ A ( )σ R if and only if F (ρ A ) ≥ F (ρ A ).
